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Abstract 

The conformal equivalence between Jordan frame and Einstein frame can be 
used in order to search for exact solutions in general theories of gravity in which 
scalar fields are minimally or nonminimally coupled with geometry. In the cosmo- 
logical arena a relevant role is played by the time parameter in which dynamics 
is described. In this paper we discuss such issues considering also if cosmological 
Noether symmetries in the "point-like" Lagrangian are conformally preserved. 

Through this analysis and through also a careful analysis of the cosmological 
parameters Vt and A, it is possible to contribute to the discussion on which is the 
physical system. 
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1 Introduction 



Alternative theories of gravity has been formulated and investigated in different context. 
The Brans-Dicke approach ffl, closely related to the Jordan approach 0, has been 
carried on in the context of a generalization of the Mach's principle; in that approach 
the Einstein theory of gravitation is modified by introducing a scalar field with a non 
standard coupling with gravity, i.e. the gravitational coupling turns out to be no longer 
constant. Later on more general couplings have been considered, and the compatibility 
of such approaches with the different formulations of the Equivalence Principle have been 
considered 1 1 | | |. 

A generalization of the standard gravity comes also from quantum field theories on 
curved space-times; in such context we find the so called higher order gravitational 
theories §00. 

In all these approaches, the problem of reducing both these two kinds of more general 
theories in Einstein standard form has been estensively treated; one can see that, through 
a "Legendre" transformation on the metric, higher order theories, under suitable regular- 
ity conditions on the Lagrangian, take the form of the Einstein one in which a scalar field 



(or more than one) is the source of the gravitational field (see for example || ]T2| ||14|| ); 
on the other side, it has been studied the equivalence between models with G-variable 
with the Einstein standard gravity through a suitable conformal transformation (see P 

I)- 

In this paper we analyse, through an appropriately defined conformal transformation, 
the problem of the equivalence between the non minimally coupled (NMC) theories and 
the Einstein gravity for scalar-tensor theories in absence of ordinary matter. First, we 
will do it in the general context and then in the cosmological case, that is, we will study 
the conformal invariance with the hypotheses of homogeneity and isotropy. In such case 
we also consider the case in which ordinary matter is present beside the scalar field and 
we do some consideration on the problem of which is the "physical system" between the 
two conformally equivalent systems || [T2| |T3|| . 



Furthermore, we analyse the relation between the conformal equivalence and the 
existence of a Noether symmetry in the (a, 0)-space seen as configuration space (i.e. 
in the minisuperspace) , where the cosmological "point-like" Lagrangian is defined (we 
will better clarify the meaning of such expression in our forthcoming considerations); of 
course such Lagrangian density comes from the general field Lagrangian density once 
homogeneity and isotropy are assumed [|l^ . 



We conclude discussing some examples of physical interest. 
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2i Conformally equivalent theories 

In four dimension, the most general action involving gravity nonminimally coupled with 
one scalar field is 



A= / d 4 x y/—g 



F{$)R+ l -g^4>^;»-V{$) 



where R is the Ricci scalar, V(0) and F(4>) are generic functions describing respectively 
the potential for the field <ft and the coupling of (f) with the gravity; the metric signature 

is (H ). We use Planck units. 

The variation with respect to gives rise to the field equations 

F(<f>)G„ v = - g, u n r F(<p) + F(<f>). !tll/ (2) 

which are the generalized Einstein equations; here D r is the d'Alembert operator with 
respect to the connection T; 
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2 

is the Einstein tensor, and 



G^u — Rfiu — —Rg^v (3) 



Ty.v = - -fiV^C + 9ta>V(<p) (4) 

is the energy-momentum tensor relative to the scalar field. 

The variation with respect to provides the Klein-Gordon equation 

□ r - RF^4>) + V^cj)) = (5) 

where F^ = dF((f))/d(f), V<f, = dV((p)/d(p. This last equation is equivalent to the Bianchi 
contracted identity (see [TJJ). 

Let us consider now a conformal transformation on the metric g^ v |16 |, that is 

Qv» = e 2uJ g^ (6) 
in which e 2uJ is the conformal factor. Under this transformation the connection, the 



Riemann and Ricci tensors, and the Ricci scalar transform in the corresponding way [[16 
so that the Lagrangian density in ([T]) becomes 

y/^g(FR + \g^<p^<p- u - V) = <J=ge~ 2u, {FR - QFU fU j+ 

(7) 

-QFu, a u« + \r v M-,u - e~ 2 "V) 

in which R, T and Df are respectively the Ricci scalar and the connection relative to the 
metric g^, and the d'Alembert operator relative to the connection f. If we require the 
theory in the metric g^ to appear as a standard Einstein theory, we get at once that the 
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conformal factor has to be related to F, that is (see also for a review of particular 

cases) 

e 2w = -IF. (8) 
We see that F must be negative. Using this relation, the Lagrangian density (^) becomes 

/ i \ / 1 _ 3 F 2 F V \ 

V^g [fr + -gTM* -v) = V=§ [~2 n + 3D ^ + 4 F2 M- - i^J » ( 9 ) 

Introducing a new scalar field and the potential V, respectively, defined by 



we get 



v/=5 (fr + i<T<#v<#y - v) = V=J {-\r+ - v) , (ii) 

which is the usual Einstein-Hilbert Lagrangian density plus the standard Lagrangian den- 
sity relative to the scalar field (see |]15|). (We have not considered the divergence-type 
term appearing in the Lagrangian (|TT|); we will return on this point in our forthcoming 
considerations). Therefore, any nonminimally coupled theory, in absence of ordinary 
matter, is conformally equivalent to an Einstein theory, being the conformal transforma- 
tion and the potential opportunely defined by (|8|) and ( [3~Q|) (see also 0). The converse is 
also true: for a given F(0), such that 3F/ -F > 0, we can trasform a standard Einstein 
theory into a NMC theory. This means that, in principle, if we are able to solve the 
field equations in the framework of the Einstein theory in presence of a scalar field with 
a given potential, we should be able to get the solutions for the class of nonminimally 
coupled theories, assigned by the coupling F((p), via the conformal transformation de- 
fined by the (^) the only constraint being the second of flTU|). This is exactly what we 
are going to discuss in the cosmological context in cases in which the potentials as well 
as the couplings are relevant from the point of view of the fundamental physics. 

Following the standard terminology, we denote here as "Einstein frame" the frame- 
work of the Einstein theory, also indicated as minimally coupled theory and as "Jordan 
frame" the framework of the nonminimally coupled theory M. 

There are some remarks to do with respect to @ and (|H|) : first we want to stress that 
the "new" scalar field as defined in (|H]) is given in differential form in terms of the "old" 
one and its integration can be not trivial; the second remark concerns the divergence 
appearing in ([|). The transformed Lagrangian density obtained from (^) imposing (^) 
contains a divergence term, in which appears not only the metric but also its derivative, 
through the connection f. Therefore the equivalence of this total Lagrangian density to 
the Einstein-Hilbert Lagrangian density plus scalar field is not trivial. To check that 
they are actually equivalent, let us perform the conformal transformation @ on the field 
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Eqs. (0), obtaining 

1 F<t><f> 2uj^F, 
2F ~F~ F 



+ (^-^ + ^Y t -^ 2 + 9rM? + (-f + ) ^°r0+ (12) 



in which (Vf V is the covariant derivative with respect to relative to the connection 
f . We see, from (|T2|), that if to satisfies the relation 

Y ~ 2u <t> = ( 13 ) 

Eqs. ( |l"2"|) can be rewritten as 

3_F, 2 _ p 3F<t, 2 — F e~ 2ul 



Then, performing on the transformation given by (|T0|) and on V the transformation 

e -MF) 

mm) = — i^-y as) 

in which lj(F) satisfies (|l3l), Eq. fll4]) becomes 

G>» = 4>;n<j);u ~ ^9^u4>;a<P" - 9^uW, (16) 

which correspond to the Einstein equations in presence of a scalar field <f> with potential 
W. The expression for u(F) is easily obtained from (0), that is 

uj = - InF + u (17) 

in which ujq is the integration constant. The potential W takes the form 

V 



W 



2aF v ' 

Comparing ( |18|) with the second of fllOD , we see that, fixing a = — 2, the definition of W 
coincides with that one of V. We have then the full compatibility with the Lagrangian 
approach obtaining for uo the same relation as (§); in this sense we have verified the full 
equivalence between the NMC and the Einstein-Hilbert Lagrangian density plus scalar 
field. 

Our final remark regards the relations (|TO|) : actually, from ([5]) the relation between 
;a and ;a present a ± sign in front of the square root, which corresponds to have the 
same or opposite sign in the derivative of <fi and <f) with respect to x a . What follows is 
independent of such sign; we will choose then the positive one. 
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3 The cosmological case 



Let us assume now that the spacetime manifold is described by a FRW metric, that is we 
consider homogeneous and isotropic cosmology. Then the Ricci scalar, has the expression 



a a 2 k 



R = —6 — I — - H — - , in which the dot means the derivative with respect to time and 
\a a 2 a 2 J 

K is the curvature constant. The Lagrangian density ([[]) takes the form [T5[ 



L t = 6F(<f))aa 2 + 6F^(0)a 2 a0 - QF(<p)aK + ^a 3 <p 2 - a 3 V(<jf). (19) 

Expression ( |T9| ) can be seen as a "point-like" Lagrangian on the configuration space (a, 0) 
(in this way the meaning of the expression we used in the introduction is clarified). With 
the subscript t, we mean that the time-coordinate considered is the universal time t: 
this remark is important for the forthcoming discussion. The Euler-Lagrange equations 
relative to ([19] ) are then 

2d a 2 1F^ F$ k F H 4> 2 4> 2 V 
a a 2 Fa F a 2 F AF 2F 

(20) 

^ + 3o0 + 6^ + 6^a + 6^ + 
a a 2 a a 2 

which correspond to the (generalized) second order Einstein equation and the Klein- 
Gordon equation in the FRW case. The energy function relative to (19) is 



dL t dL t ■ T 
F t = -^-a + — T (j) - L t = 

da d( p (21) 

= QFaa 2 + QF^acj) + QFan + i\a 3 <j) 2 + a 3 V, 

and we see that the first order generalized Einstein equation is equivalent to 

E t = 0. (22) 

Performing the conformal transformation defined by (^), (|8p, ([K]) on the FRW metric, 
one should obtain the corresponding expression for the Lagrangian and the corresponding 
equations of the Einstein-cosmology from the NMC Lagrangian ([19]) and from the gen- 
eralized Einstein and Klein-Gordon equations, respectively. Unfortunately we see that 
the presence of the conformal factor (Jjjfy implies that the transformed line element which 
is obtained is no longer expressed in the "universal time form" . Actually the scale factor 
of the Einstein theory can be defined as the scale factor of the NMC theory multiplied 
by the conformal factor, but the time coordinate of the Einstein theory has to be rede- 
fined if we require to have an "universal time". Absorbing the conformal factor in the 
redefinition of time, we obtain the transformation on the time coordinate. Therefore, the 
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transformation from the Jordan frame to the Einstein frame in the cosmological case is 
given by 

a = 



dt 



-2F((f))a 



' — F d4 
2F 2 ~dt 



(23) 



dt = J-2F{4>) dt. 



From the first and the third of (^) we have that, on the Jordan-frame solutions a(t), 
4>(t), we obtain a as a function of i only; indeed the important thing is the fact that the 



equations for a we will obtain are the standard Einstein equations. The second of ( p3|) 
corresponds to relation (10) under the given assumption of homogeneity and isotropy. 
Under transformation (E3J) we have that 



V^2F 



1 (QFad 2 + QF^a 2 d<p - QFan + -a 3 <p 2 - a 3 V 
y —2F \ 2 



2 

-3dd + 3nd + \a?4> — a 3 V((j)) = Lj 



(24) 



in which the dot over barred quantities means the derivative with respect to t; Lt is given 
by (|19D and Li coincides with the "point-like" Lagrangian obtained from the Einstein- 
Hilbert action plus a scalar field under the assumption of homogeneity and isotropy. In 
this way the invariance of the homogeneus and isotropic action under (^) is insured, 

exists between 



being L t and Lf connected by the (p4[) . The same correspondence as ( p4|) 
the energy function E t and Et, that is, there is correspondence between the two first 
order Einstein equations in the two frames. We focus now our attention on the way the 
Euler-Lagrange equations transform under (|23|). The Euler-Lagrange equations relative 
to (p4|) are the usual second order Einstein equation and Klein-Gordon equation 



2d a n 1-2 - 

- + - + - + -<p -v = o 

a a a z 2 



+ 



(25) 



+ Vx = 0. 



Under ( p3[ ) it is straighforward to verify that they become 



f 2d a 2 2F, 
— + ^ + 



a a z 
3dd 



+ 



a 



Fa 



3K, 



Fff) k_ F^ 2 

7-T O _ I 



+ 



F 
2F.V 



F 2 3F r 



(j) 2 V 
IF + 2F = ° 

^^ = 
3FJ - F 



(26) 
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which do not coincide with the Euler-Lagrange equations given by (|20|). Using the first 
of (|20D, the second of (p6|) can be written as 



F-ZFf .. 3(F-3F/) a • F^, - GF^F^ 2 F^ 2 
^ H - — 1 H — H rr; - h Ka+ 



4F 



| 3F d 2 3F^ 3F/d0 = Q 
a 2 a 2 a 

which becomes, taking into account (fFl 



(27) 



3F 2 - + 3(F - 3F/j d0 + _ 2) £ + F^ 2 _ 2F^V + y + 



F F a Fd4) v ' 2 4F 



(2S 



Comparing (£8|) with the second of ( p6|) we see that they concide if F — 3F^, 7^ and 
E t = 0. The quantity F — 3F^ 2 is proportional to the Hessian determinant of L t with 
respect to (d, 0); we want this Hessian different from zero in order to avoid pathologies 
in the dynamics [l?]], while E t = corresponds to the first order Einstein equation. It 



seems that, under the assumption of homogeneity and isotropy and the request of having 
the metric expressed in the universal time in both the Einstein and Jordan frame, we 
have conformal equivalence between the Euler-Lagrange Eqs. ( |20| ) and (^5]) only on the 
(cosmo logical) solutions. Actually, if we look more carefully to this problem, we notice 
that, making the hypotheses of homogeneity and isotropy on the field Eqs. (H) and 
(||), we get the generalized Einstein equations of first and second order, and the Klein- 
Gordon equation. On the other side, the Euler-Lagrange equations relative to ( |I"9D are 
just the second order Einstein equation and the Klein-Gordon equation, whereas the 
first order Einstein equation is obtained from E t = 0. Of course the same happens in the 
Einstein frame. Therefore it is natural to expect that the full conformal equivalence in 
the "point-like" formulation is verified taking into consideration E t = 0. 

It is possible to see more clearly at the problem of the cosmological conformal equiv- 
alence, formulated in the context of the "point-like" Lagrangian, if we use as time- 
coordinate the conformal time rj, connected to the universal time t by the usual relation 

a 2 (ri)dr] 2 = dt 2 . (29) 

We can see that the use of rj makes much easier the treatment of all the problems we 
have discussed till now. 

The crucial point is the following: given the form of the FRW line element expressed 
in conformal time 7] one does not face the problem of redefining time after performing a 
conformal transformation, since in this case, the expansion parameter appears in front of 
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all the terms of the line element. From this point of view, the conformal transformation 
which connects Einstein and Jordan frame is given by 

' a = yJ-2F(<f>)a 

< _ , (30) 

d<j) _ /3F 2 — F d<f> 

> ~ch] ~ V 2F 2 dv 

where a, 0, a, are assumed as functions of rj. 

The Einstein-Hilbert "point-like" Lagrangian is given by 

L v = -3d' 2 + 3nd 2 + ^a 2 <f)' 2 - a 4 V"(0) (31) 

in which the prime means the derivative with respect to rj, and the subscript rj means 
that the time-coordinate considered is the conformal time. Under transformation (]HD|) . 
it becomes 

L v = -3d' 2 + 3Kd 2 + \d 2 $ 2 - a 4 1/(0) 

(32) 

= 6F(<f>)a + 6Ft{4>)aa<j> - 6F(0)/ta 2 + \a 2 ^ 2 - a 4 K(0) = L v 

which corresponds to the "point-like" Lagrangian obtained from the Lagrangian density 
in ([!]) under the hypotheses of homogeneity and isotropy, using the conformal time as 
time coordinate. 

This means that the Euler-Lagrange equations relative to (|3l|) , which coincides with 
the second order Einstein equation and the Klein-Gordon equation in conformal time, 
correspond to the Euler-Lagrange equations relative to ([32]), under the transformation 
(pPf). Moreover, the energy function E v relative to (29) corresponds to the energy function 
E v relative to (|32|), so that there is correspondence between the first order Einstein 
equations. Furthermore, in order to have full coherence between the two formulations, 
it is easy to verify that, both in the Jordan frame and in the Einstein frame, the Euler- 
Lagrange equations, written using the conformal time, correspond to the Euler-Lagrange 
equations written using the universal time except for terms in the energy function; for it 
one gets the relation 

E v = aEt (33) 

which holds in both the frames; thus the first order Einstein equation is preserved under 
the transformation from rjtot and there is full equivalence between the two formulations. 
We want to point out that for the two Lagrangians L v and L t the same relation as ( p3|) 
holds; this remark is useful for forthcoming considerations. 

4 The presence of ordinary matter 

So far we have analysed the general conformal equivalence and the cosmological confor- 
mal equivalence between Einstein frame and Jordan frame in presence of a scalar field. 



What happens when ordinary matter is present (see ||)? We focus our attention on the 
cosmological case. 

The standard Einstein (cosmological) "point-like" Lagrangian (when noninteracting 
scalar field and ordinary matter are present) is given by 

Ltot — Li + L mat (34) 

in which Lj is given by ( f24|) and L mat is the Lagrangian relative to matter. Using the 
contracted Bianchi identity, it can be seen that L mat can be written as fL9 



J mat 



-Da^ l ~^ (35) 



where D is connected with the total amount of matter. In writing (|34] ) and (|35|) we have 



chosen the universal time as time-coordinate. Under the transformation fl23|) we have, 
beside relation fl24|), that (|35|) corresponds to 



J mat 



(^^2F) 3 ^L mat (36) 



where, analogously to (|3 



L mat = Da 3 ^. (37) 
Then we have that, under (f23D, d34|) becomes 



in which we have defined the total "point-like" Lagrangian after the conformal transfor- 
mation as 

L% t = L t + (V^2F)^ L mat} (39) 

(cfr. (|24j)); the transformation of L tot under (^) has to be written following the expression 
(j38|) and consequently the "point-like" Lagrangian has to be defined as in (|39|). 
The use of the superscript (1) for L tot will be clarified in a moment. The factor ^} 2F 
in evidence out of the square bracket, is introduced in order to preserve the invariance 
of the reduced action under transformation (p3|) , since that factor is also the one which 
appears in the time-coordinate transformation in (|2B|). 

The Lagrangian (|39|) could be then assumed to describe a cosmological NMC-model 
with a scalar field and ordinary matter as gravitational sources. By the way, we see that, 
unless 7 = |, the standard matter Lagrangian term is coupled with the scalar field in a 
way which depends on the coupling F. Such coupling between the matter and the scalar 
field is an effect of the transformation, therefore depending on the coupling F. This is one 
way to look at the problem, but we can also proceed in a different way to determine the 
Lagrangian in presence of matter. We can consider as the total "point-like" Lagrangian 

42 =Lt + L mat . (40) 
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That is, we take the "point-like" Lagrangian of the NMC theories, given by (|T9D, and 
add up to it the standard matter term defined in (|37|) . It is clear now why we have 
introduced the notation L^ t and L^. Of course the full theory described by (|4CiD is by 
no mean conformally equivalent to that one described by (p4|). Also, the transformation 
does not give rise to any coupling between matter and scalar field. One could just point 
out that the matter term defined by (|37|) has been obtained in the context of the Einstein 
frame and in this sense it could be not legitimate using it in a NMC theory. 

The problem of the physical system, also connected with the formulation of the Equiv- 
alence Principle |2(J , has been already discussed and it is well known, in particular in the 



case of the higher order theories |TT| [|l2| fl4| (and references quoted therein), but 
also in the context of NMC theories . In the case we are considering, the problem 
still concerns the choice of the physical system but from another point of view, since the 
Lagrangians ([39|) and ( f4"0"|) are not connected by a conformal transformation. The prob- 
lem concerns which is the Lagrangian to describe, in the Jordan frame, a cosmo logical 
model with a scalar field plus ordinary matter, between the lagrangian l£] and L^ t , once 
we assume that the physical system is that one of a NMC theory (some authors consider 
the Jordan frame as the physical one, see for examples ||21|| , while in E| the Einstein 
frame is the physical one). 

This sort of ambiguity can be clarified in the general context of the field theory, 
introduced in Sec. 2. We focus our attention on the contracted Bianchi identity. From 
the point of view of the field equations, the choice of the Lagrangian L^t to describe 
the gravitational field with a scalar field and ordinary matter (non interacting with the 
scalar field) as sources in the Jordan frame corresponds to write the field equations as 

F{4>)G^ = -~T^ - gfiv n r F(4>) + F{4>),^ + T (mat) ^ (41) 

which is obtained just adding up the ordinary matter as a further source term to to the 
field equations in the NMC case given by (0). Performing the covariant divergence of 
both sides and taking into account of the expression of Tu) ^ given by (f|), we get 

f-,»g; + \^, v + \^v^, v + 5;{u t f), u - f.; u = T [mat) (42) 

which can be written as 

F.„R; - l -RF., + l -4>-A u r4> + V+) + (n r i% - FJ V = T {mat) ;, v (43) 

where we have taken into account Eq. (|3|). The last two terms of the lefthand side of 
(0) give 

{g aP F. af3 ).^ - F.J V = -g al3 R X p au F.\ 

(44) 

= -F.\R U ■ 
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Eq. ([HID, taking into account Eq. ( f44|) gives then an interesting relation, that is 



;n r + ^-i^) = T (mat)M V ( 45 ) 



Comparing relation (|45|) with Eq. (|^) we see that the lefthand side coincides with the 
lefthand side of the Klein-Gordon equation; it means that the continuity equation for 
the ordinary matter holds, that is 

T (mat) = (46) 

in which T, mat \ £ , v is the energy-momentum tensor of the matter, relative to the NMC 
metric g^. Thus, it means that, choosing the Jordan frame as the physical frame and 
equations ([0]) as field equations, the conservation of matter is relative to the physical 
metric g^. In this sense the legitimate way to describe scalar field plus ordinary matter 
in the Jordan frame is the one given by the field equations (P]). The corresponding 

(2) 

action, in the cosmological case, corresponds to choose L\J t as Lagrangian ||TT| [|T2|] |T3| 
]L|| (and ref. quoted therein). 



We can only say that such considerations could be a hint for further developments in 
the context of the Jordan frame (for a totally different point of view see 0). 

The problem can be further analysed from the point of view of the energy density 
parameter Q. We can see in fact that the presence of the coupling gives some contributions 
to Q. Let us consider the first order Einstein equation relative to the total lagrangian 
L to i in the Jordan frame in presence of matter 

1 — T—L -| |___^__| 1 = o (47) 

a 2 Fa a 2 2 6F 6F QFa 3 "/ K ' 

which can be seen as obtained from the standard first order Einstein equation after the 
conformal transformation (p3|), having just added ordinary matter. The last term on 
the lefthand side being just the effective energy density relative to matter; the factor 
— represents the effective coupling. Taking into account the definition of the Hubble 
parameter H, (|47|) can be rewritten as 

(we consider the case k = 0). We get then 

-Th-^fC^^^-W^- 1 (49) 

after dividing by H 2 . As usual, the righthand side is the total energy density parameter 
Qtot which is equal to 1, having assumed k = 0. The last term on the lefthand side 
represents the effective contribution to the density parameter due to the matter, fl ma t = 
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~6HWapy^ while the term in parentesis represents the effective energy density contribution 
due to the scalar field, fi^ = —qjjtf (|0 2 + ^)i the first term is connected with the 

variation of the coupling, Vt coup = —y^- That is, there is a contribution to the energy 
density parameter due to the presence of the nonminimal coupling. This term, for what 
we have said, can be seen as coming from the conformal transformation considered. The 
parameter Q is an observative quantity (the present value of Q tot is assumed to be equal 
to 1) thus, in principle, from its analysis one could be able to infer whether the physical 



frame is the Jordan or the Einstein frame (see also fl2|l). 

A final remark we would like to do concerns the case 7 = |. As we have said, 
performing the transformation fl23|) on fl34|) no coupling between the scalar field and 
the matter is induced if the matter is a radiative perfect fluid: this seems to be quite 
reasonable, since the particles which constitute a radiative fluid have zero mass. 

5 Conformal transformations and Noether symmetries 

We want to analyse now the compatibility between the conformal transformation we have 
considered so far and the presence of Noether symmetries in the "point-like" Lagrangian 
in the configuration space (a, 0), i.e. in the cosmological case. Some of the authors, 
in previous papers (see for examples (T^j [^3|) have developed a method to find exact 



cosmological solutions relative either to purely scalar-tensor Lagrangians or to scalar- 
tensor Lagrangians with ordinary matter, both in MC theories, when the Lagrangian is 
given by (|34]) , and in NMC theories, having taken (|40D as Lagrangian. 

Now we want to analyse the problem whether the conformal transformation connect- 
ing Einstein and Jordan frame preserves the presence of a Noether symmetry. Since the 
existence of a Noether symmetry implies the existence of a vector field X along which 
CxL = 0, this happens if the Lie derivative of the Lagrangian along a vector field is 
preserved. We can see that the Lie derivative is preserved under the conformal trans- 
formation considered, but only in absence of ordinary matter. It turns out to be quite 
simple to be verified if we choose as time-coordinate the conformal time. As we have 
seen, we have that in absence of matter, using the time t] the "point-like" Lagrangian in 
the Einstein and Jordan frame given by (|3l|) and fl32|) respectively, correspond to each 
other under the conformal transformation given by fl30|). The second of ([3(]), in principle, 
can be integrated, so that its finite form together with the first of ( j30|) can represent a 
"coordinate transformation" on the configuration space (a, 0). Thus, a given lift-vector 



field of the form [24 



X ^ Ta +P h + "W +i, % (50) 

in which a = a(a, 0), (3 = /3(a, 0) corresponds under this transformation to the lift- 
vector field on the configuration space (a, 0) 

■i? 9 -= d , d -?.< d /ri , 
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in which a = a (a, </>), (3 = (3 (a, (j>) are connected to a — a(a, 6), (3 — (3 (a, 6) through the 
Jacobian matrix relative to the "coordinate transformation" defined by (|30D. We remind 
that the prime means the derivative with respect to the time rj. The Lie derivative of L v 
along the vector field X v corresponds then to the Lie derivative of L v along X v |25j 

£x v L v = C Xri L v . (52) 



Therefore, if X v is a Noether vector field relative to L n one has 



£x„L r 







(53) 



X v is a Noether vector field relative to L v . 



and, from (p2f) 

We have seen till now that the choice of rj as time-coordinate is convenient from a 
formal point of view, but, as we have already remarked, in order to analyse the phe- 
nomenology relative to a given model and to obtain then quantities comparable with 
the observational data, the appropriate choice of time-coordinate is the universal time 
t. The problem with the universal time is that it is not preserved by the conformal 
transformation, as we have pointed out in Sec. 2, thus the conformal transformation we 
consider does not take simply the form of a "coordinate transformation" on the phase 
space (a, 6), then its compatibility with the presence of a Noether symmetry cannot be 
easily verified. Of course it must hold also under such choice of time-coordinate. 

We decide not to verify such compatibility directly. Rather, we analyse how does the 
Lie derivative Cx v L v in the Jordan frame is transformed under the time transformation 
(f29|) which connects t with t]. 

The explicit expression of Cx v L n is given by 



6 



'da / 0(3" 
aa \ oa , 



a + a 



da d(3 
a + oFj,— - + a— — 



+6 



( a + a — + a—\ F + 2F— + — — 

1 da 86 J ^ 86 6 da 



a 6 + 



(54) 



-a z (AaV + a(3V^) - 6a(2Fa + F^ap)K 



in which we have taken into account that 

/ da i da i n , d(3 , d(3 
a = -r^a + -rr-cp ; [3 = -^a + 



da 

under the transformation (|29|) becomes 
6 



da 



da ( d(3\ „ 



2 • 2 

a a + a 



9a 80 
a + 0-r<A—- + a-— 



a 2 6 2 + 



(55) 



/ da d3\ da a 2 dd 

+6 a0F„ + [a + a- + a-y i + 2F- + -- 

-a 3 {4aV + a(3V$) - 6a{2Fa + F^a(3)K 



a a6+ 



(56) 
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which can be written as 



C Xv L v = 6a 



8a ( a 8(3\ „ 
aF + 2aF— + a f f3 + a-£ 1 F^ 



a 2 + a 3 



-a + 6F+- + a- 



( 2a + a— a—^F 2F— — ^ 

\ 9a 8d> ) ^ 86 6 9a 



+6a 

-a 3 (3aK + a/3V^) - 6a(Fa + F^ci(3)k+ 



ad+ 



O _L Q Q O * Q 

— 6aFaa — -aa 6 — QaF^a ad — QaFan — ota V. 

The Lie derivative of L t given by (|19|) along a lift-vector field of the form 

9 n 8 .9 7 . d 
X t = a— + f3— + a— + f3— 
8a do aa 86 



(57) 
(58) 



is given by 
C Xt L t = 6 

+6a 



da / 9/3\ „ 
aF + 2aF— + a l(3 + a -^\ F^ 



• 2 i 2 

a + a 



3 9a 9/3 

-a + 6F,- + a- 



+ I 2a + a^ + a I F^ + 2F + ^ ^ 



ad+ 



-a 2 (3aV + af3V^) - 6 (Fa + F a/3)«; 



in which we have taken into account that 



da . 9a • • 8(3 . 8/3 ■ 

a = 7T a + "aT^ P = 7T a + aT^- 
9a 90 9a 90 



(59) 
(60) 



We remind that the dot means the derivative with respect to t. 

Comparing (]57f) with (|59|) and taking into account the expression of F t given by ( f21~D 
we obtain that, under the transformation ( p9|) the Lie derivative Cx v L v becomes 

£x„F7j = aC Xt L t - (C Xt a)E t , (61) 

being CxS — a - 

It can be seen that the same relation as (|61 ) holds in the Einstein frame, that is 



with quite obvious meaning of Xt- 



(62) 
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This implies that, if X v is a Noether vector field relative to L v , that is, if ([53]) holds, 
the corresponding vector field X t is such that 

C Xt L t - ^E t = 0. (63) 
a 

It means also that, when the universal time is taken as time-coordinate, the conformal 
transformation preserves the expression given by the righthand side of ([H]) and not the 
Lie derivative along a given vector field X t . Relation (|63|) represents a more general way 
to express the presence of a first integral for the Lagrangian L t ; associated to ( |6"3"D we 
have the conserved quantity 



-E t f £*i.dt + + ^h(3 = const (64) 
J a oa d(j) 

which, of course, holds on the solutions of the Euler-Lagrange equations. The vector 
field X t verifying (|S5|) can thus be seen as a generalized Noether vector field and the 
conformal transformation (23) preserves this generalized symmetry. That is, if X t is a 
Noether vector field, in the sense of (fx|), relative to L t then X t is a Noether vector field 
relative to Lj in the same sense, that is 

C^L,-^E t = 0. (65) 
a 

In terms of the conformal time, the first integral relative to ( |53"D for the Lagrangian L v 
is given by 

~^rr a + ^Tirfi = const - (66) 
oa ocp 

We see that the expression (^) corresponds to (0) under the transformation ([29|), except 
for a term in the energy function. In fact (|66|) explicitely written is 



(12Fa + 6F^a0 )a + (6F^aa + a 2 (p )(3 = const, (67) 

while (H) is 

- E t J -dt + (12Faa + 6,F> 2 0)a + (6F a 2 a + a 3 0)/? = const. (68) 

Taking into account (0), we have that (|68"D , under (|29|) , becomes 

E f i i ii 
J adn + (12Fa + QF^acf) )a + {QF^aa + a(j))f3 = const (69) 

which coincides with ( |67| ) except for the term in E v . 

Therefore there is equivalence between the two formulations except for the term in 
E v , coherently with what we have said at the end of Sec. 2. 
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As already said, some of the authors have formulated the existence of a Noether vector 
field imposing 

Cx t L t = Q (70) 

using the universal time as time-coordinate; condition ( [TDD after the analysis we have 
done till now, turns out to be less general than (|65|). By the way, condition ( [70]) has 
the interesting property that it implies the possibility to define some new coordinates 



on the configuration space (a, (ft), such that the Lagrangian has a cyclic coordinate [15 



24], reducing in this way the Euler-Lagrange equations. In fact, one can always define 



new coordinate, say (z, w), in the configuration space of the Lagrangian, such that the 
lift -vector field assumes the form X t = Jj, so that one has Cx t L — in case (f70|) holds 
one has then that z is cyclic. In the generalized case we are considering, it is no longer 
possible to get this behavior, since Cx t L t ^ and consequently z is no longer cyclic. In 
this case one has to use the first integral (53) together with the relation on the energy 



function to reduce the Euler-Lagrange equations, that is, one has the system of Eqs. 
(£?3), Eq. (gg) and Eq. 



This problem corresponds in the Einstein frame to the system of equations (|25|) , the 
equation analogue to (l22f) , Ef = 0, and the equation analogue to fl6"4]) , 



_ E- t [ ^di+ + ^P = const. (71) 

J a da qa, 

Thus, finding the solutions of some cosmological model using the presence of a Noether 
symmetry (and therefore fixing the class of model compatible with it) in the Einstein 
frame, one gets via the conformal transformation (as given by fl23|) ) the solutions to 
the class of models in the Jordan frame corresponding to the one given in the Einstein 
frame through the second of (|T0|). We are going to give some significant examples in the 
following section. 

6 Examples 

i) Let us consider a quite easily solvable model in the Einstein frame. We consider the 
cosmological model with a scalar field, a constant potential and zero curvature. The 
Lagrangian is given by 

1 - 2 

Lt = -3aa 2 + -a 3 (p - a 3 A; (72) 
the Euler-Lagrange equations and the zero energy function condition are given by 

2S a 2 1-2 
— + - + -0 -A = 
a a 2 

(73) 

0+^ = 0. 



16 



3 V2 V 



A 



0. 



(74) 



The solutions are (see also [[27 



^2 



3Ai 



/3Ai 



8Ac? 



1 



^0 -V3At 



_ e -V3At 



(75) 



2ciV2A 

Of course only three constants of integration appear in the solution, since Eq. ( [74] ) 
corresponds to a contraint on the value of the first integral Ej. We have that, in the 
limit of t — > +oo, the behavior of a is exponential with characteristic time given by 
as we would expect (see also |I8]), and goes to a constant. 

Looking at the second of ([T0|) we have that such a model in the Einstein frame 
corresponds in the, Jordan frame, to the class of models with (arbitrarly given) coupling 
F and potential V connected by the relation 



V 
4F2 



A. 



the solution of which can be obtained from (1751) via the transformation 



(76) 



). We can thus 



fix the potential V and obtain from (|7q) the corresponding coupling. This can be used as 
a method to find the solutions of NMC models with given potentials, the coupling being 
determined by ([761). We consider, as an example, the case 



V = A0 4 , A > 



(77) 



which correspond to a "chaotic inflationary" potential |28 ]. The corresponding coupling 
is quadratic in (ft 

(78) 



F = k <j) 2 



in which 



k 



In 



(79) 
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Substituting ( [78] ) into ( p3|) we get 



2A; 



dt 



/ 12k - 1 



JO) 



As we see from these relations, it has to be k < 0. Integrating the second of ( SO) we 
have <b in terms of d> 



2k , 
12fc, 



Substituting (^T|) in the first of (^) and taking into account the second of ([T5|) we have 
the solutions a and 6 as functions of i 



l- 



y _ e -V3At 



2c] V 2A 



i+ 



_ e -V3Af 



2ciV2A 



3(12fc -l) 



^2 



3At 



8Acf 



e -V3At 



1 + 



'0 _ e -V3At 



2ciV2A 



_ e -V3At 



2ciV2A 



52) 



21_ 



3(12fc -l) 



in which 
of (|75|), we get 



o = a e v 12fc ° 1 . Substituting (pll) in the third of (|80|), taking into account 



dt 



dt 



1 + 



'0 _ e -V3At 



2ciV2A 



1 - 



J _ e -V3At 



5n_ 



3(12fc -l) 



(83) 



2ciV2A 

We can obtain t as a function of t integrating (^) and then considering the inverse 
function; (|83|) could be easily integrated if the exponent y ^^r^ y would be equal to ±1, 
but this corresponds to a value of fco = J> which is positive and thus it turns out to be 
not acceptable. In general, (|83l) is not of easy solution. We can analyse its asymptotic 
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behavior, obtaining 

dt (poV^2k^ 

that is, asymptotically 

* - to - a* Aw (85) 

Substituting (^) in the asymptotic expression of (|82|), we obtain the asymptotic behavior 
of the solutions (since from (R4|) one has 1 +00) 



C i /3 4x>yJ=*T 3L {t-to) 



(86) 



Thus we have that, asymptotically, a(t) is exponential as it had to be (cfr. (T^|), and 0(t) 
is constant; the coupling F is asymptotically constant too, so that, fixing the arbitrary 
constant of integration to obtain the finite transformation of a, (that is, fixing the units, 
see [12]), once ko is fixed, it is possible to recover asymptotically the Einstein gravity. 

As a remark we would like to notice that the asymptotic expression ( j36j) of a(t) 
and (p(t) are solutions of the Einstein equations and Klein-Gordon equation with zero 



curvature and F given by (f77|) , (ff8|). They have not been obtained as solutions of the 
asymptotic limits of these equations. It means then that they are, in any case, particular 
solutions of the given NMC-model. 

ii) Another interesting case is the Ginzburg-Landau potential 

V = A(0 2 - /1 2 ) 2 , A>0. (87) 

The corresponding coupling is given by 

F = k (4> 2 -^) 



in which ko is given by (|79|) when cf 2 > fi 2 while is given by ( ff"9"l) with opposite sign 
when <f) 2 < fi 2 , in order to have F < 0. With this coupling the corresponding conformal 
transformation turns out to be singular for <ft 2 = fi 2 , thus with this method it is not 
possible to solve this model for equal to the Ginzburg-Landau mass fi. 

In this case, it is not so straightforward to get the explicit function <fi = 0(0) as in 
the previous case, since one should perform and then obtain the inverse of the integral 



It is not so difficult to integrate (|89[) p9fl , the difficulty raises in finding the inverse, which 
is needed to obtain t in terms of i. By the way, analysing the integrand of (|59"D, that is 
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we can say that, except for = /i , the function = 0(0) is invertible; in particular, 
since asymptotically is constant, so is 0. Thus it is possible to carry out a reasoning 
analogous to the previous one, concluding that asymptotically the behavior of a(t) is 
exponential and that of <j)(t) is constant. 

iii) We want to consider now the V = A0 4 case from the point of view of the Noether 
symmetries. We want to show that, in the context of generalized Noether symmetries the 
NMC-model with quartic potential and negative quadratic coupling admits a Noether 
symmetry, while such a result has been not found in the previous analysis of Noether 
symmetries (see |T5j |T7|j ). 



We have seen that the corresponding case in the Einstein frame is that one of constant 
potential. The system of equations for the Noether vector field obtained from (^) is given 
by 

» o 
oa 



-dp 
a + a— j = 

ocj) 



da 



dp 



(90) 



^ d<p da 



AaV + apV$ = 0. 



Substituting V = A in the fourth of (|90| ) one gets a = 0; from the second one gets 
P = const; the first and the third turn out to be identically verified. It is immediate to 
see that the Lagrangian ( [72] ) presents a Noether symmetry, since it does not depend on 
0; being, in this particular case, Cx-a = a = 0, this is compatible, for what we have 
already said, with the presence of a cyclic coordinate in the Lagrangian. Performing the 
conformal transformation given by (BO) on the Noether vector field 



where Pq is arbitrary, we obtain 



a = 



{ P = Po- 



(91) 



a = —a\ 



P 



2h 



o 



12A; - 1 



Po 



(92) 



2kn 



12kn 



Po- 



As it has been shown in the previous section, (|92|) is a Noether vector field relative to the 
corresponding Lagrangian in the Jordan frame, with potential given by (|H]) and coupling 
given by (|78|). It is easy to verify that ( |63D holds. 
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iv) There is another interesting case we would like to quote in the context of infla- 
tionary models, as last example, i.e. 



V = \<p*, A > 0; F — k <p\ k <0 (93) 



in the Jordan frame. Since the coupling is the same as the previous case (cfr. (f78|) ), the 
relative conformal transformation is given by (p0[) . To obtain the corresponding potential 
in the Einstein frame we have to substitute (|81|) in the relation 

m = (94) 

that is 

A -2 



VW) = ' (95) 

We see that this case corresponds in the Einstein frame to the case of the exponential 
potential, for which a particular solution is the power-law inflation [|3(]] [|3T]. The choice 
of the sign that Lucchin and Matarrese do in corresponds to the choice of the sign 
we have done at the end of Sec. 1. 

Finally, we would like to make a general remark connected with all the examples we 
have treated, concerning the relation between the Hubble parameter in the Einstein and 
in the Jordan frame. Such relation is given by 

H=* = 
a 

(96) 

H 



(-2F) V V^2F a J 2F V /Z 2F y^2F 

in which we have used (^3]) and the definition of the Hubble parameter. Relation fl9~6|) 
is quite useful to make some considerations on the asymptotic behavior of the Hubble 
parameter (see also ||18|| ): for examples, if we require an asymptotic de Sitter-behavior in 
both the Einstein and Jordan frame, that is, we require H t ^X°° C and H *^i > °° Q where 



C and C are constants, from (|96| ) we obtain a differential equation for the coupling F as 
a function of t (t » 0), given by 



F + 2CF - 2CFV-2F = 0. (97) 

Its solution is 

r 2 r 1 i 2 

(98) 



2C 2 



1 



l-F e ct 

in which Fq is the integration constant; this is the time-behavior that F has to assume 
on the solution (f>(t), in order to have a de Sitter asymptotical behavior in both frames. 
We see from (|98|) that, asymptotically, we recover the standard gravity. 
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T Conclusions 



We have analysed the conformal equivalence between Jordan frame and Einstein frame 
for general coupling functions and potentials, and we have seen that any NMC theory 
assumes the form of the Einstein theory with a scalar field as source of the gravitational 
field, provided the metric undergoes the conformal transformation defined by (|8|) and 
the scalar field and the potential are transformed according to ( [X0|) We see, from these 
transformations, that the scalar field, although being scalar with respect to the coordinate 
tranformations of the space-time by definition, is not conformally scalar. 

We have considered such equivalence more carefully in the cosmological case, and 
we have seen that the conformal transformation in this case takes the form given by 
(f23|), in which also the time-coordinate is transformed. The transformation of the time- 
coordinate turns out to be necessary if one requires the time-coordinate in the Einstein 
frame to be the universal time as well. We have seen that in case one chooses the 
conformal time as time-coordinate the transformation defined by (||) reduces to the form 
(|30|), which can be seen as a "coordinate transformation" on the configuration space 
(a, 0); with such a choice of time-coordinate the conformal equivalence between Jordan 
and Einstein frame in the cosmological case turns out to be very simple to verify. 

The situation changes when ordinary matter is considered besides the scalar field: the 
conformal equivalence in this case is broken. We have analysed the possible descriptions 
of NMC theories in presence of ordinary matter and we have seen how fl46|) could be taken 
as hint in the definition of the appropriate Lagrangian, in agreement with the current 
discussions about the compatibility of NMC theories and the different formulations of 
the Equivalence Principle. 

We have also seen that if a Noether symmetry is present in the "point-like " cos- 
mological Lagrangian, this is preserved by the conformal transformation which connects 
Jordan and Einstein frames. This has been formally formulated in the conformal time 
through relation (|53D , since in this case the problem of the redefining the time-coordinate 
does not exist. We have then analysed the problem in the universal time and we have 
seen that the Noether symmetry is preserved under the generalized form (|63|), which 
implies as well the presence of a first integral for the corresponding Lagrangian. 

We have thus analysed some aspects of the conformal equivalence between Jordan 
frame and Einstein frame, in particular in the cosmological case. Moreover we have gen- 
eralized and improved a method of solution of cosmological NMC-models, having shown 
that the conformal transformation considered preserves a Noether symmetry present in 
the "point-like" Lagrangian, in the sense of (p^l). The forthcoming steps will be to in- 
vestigate more deeply the implications of that: it would be interesting to classify the 
classes of NMC theories which are solvable by this method, and also to understand if 
it is possible to characterize the inflationary solutions in such context, on one side; to 
apply this method and to analyse the phenomenology of the models with couplings and 
potentials of physical interest, which can be solved, on the other side. This can be done 
also in connection with the problem of an opportune redefinition of the "cosmological 
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constant", which in this context can be time-dependent ((18 



see also 



)■ 
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